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ABSTRACT 

We construct new realizations of the Virasoro algebra inspired by the 
Calogero model. The Virasoro algebra we find acts as a kind of spectrum- 
generating algebra of the Calogero model. We furthermore present the su- 
perextension of these results and introduce a class of higher-spin extensions 
of the Virasoro algebra which are of the W^ - type. 
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1 Introduction 



Over the years there has been an increasing interest in the possible relation- 
ships between integrable systems and conformal field theory. A well-known 
and well studied example is provided by the Liouville model and, more gen- 
erally, the Toda models which play a crucial role in the study of non-critical 
string theories. 

Another example of an integrable system is the Calogero model which 
has been studied intensely since its construction in 1969 |T], 0. Recently, 
further progress has been obtained in understanding the A-body Calogero 
model with harmonic interaction || |J. In |5|, || M it was argued that the 
Calogero model describes one-dimensional reductions of anyonic systems || 
|9|, e.g. anyons at the lowest Landau level in a strong magnetic field. In its 
turn, anyon physics plays an important role in understanding the (fractional) 
quantum Hall effect (QHE)[TIJ that assumes interesting links between the 
latter and the Calogero model. 

The recent progress || Q in the understanding of the (rational) Calogero 
model was based on an extension of the Heisenberg algebra, the so-called 



SHn(v) algebra [jTTJ . For N = I the algebra reduces to the ordinary Heisen- 



berg algebra which underlies the higher-spin algebras in higher dimensions 



12| as well as the standard realization of the Virasoro algebra as vector fields 



and of the H\ +00 algebra JTBJ as differential operators on the circle. 



The question we address in this paper is whether the general SHn(v) 
algebra can lead to new realizations of the (super) Virasoro algebra. We show 
that this is indeed the case and, as a result, one discovers a new interesting 
class of W^ - type algebras containing higher-spin currents in addition to 
the Virasoro generators. We expect that our results will lead to a better 
insight into possible relations between the Calogero model and conformal 
field theory. Our results may also have applications to the quantum Hall 
effect. Actually, it was observed recently j[4| that the relevant approach to 
the QHE is based on the representation theory of the Wi +OQ algebra developed 
Il5| . Since, on the other hand, the algebras considered in the present paper 



in 



are responsible for the N - body excitations in the Calogero model and can be 
regarded as some (extensions x deformations) of the ordinary H^i+oo algebra 
one can speculate that they might be relevant for the analysis of the many- 
body excitations in the QHE. 



2 The SHn(i/) realization of the Virasoro Al- 
gebra 

Our starting point is the S^r-extended Heisenberg algebra SH N (u) 0, §], O 
which can be regarded as the algebra formed by the generating elements Oj, a\ 
and Kij (i,j = 1, ..., N) obeying the following relationsf]: 



c«»,af] = 


N 

= , [oj, o]] = Aij = 6ij(l + »Y1 K n) - vK a > 

i=i 


(1) 


^ti-Kj-J = 


= KjiKa = KaKij , for all i ^ j,i^l,j ^ I, 


(2) 


(K tJ ) 2 - 


-I K — K 


(3) 


K K 

1 3 mn 


= K mn Kij , if all indices i,j, m, n different , 


(4) 


ij j 


= a {]) K-- 


(5) 



Here v is a constant related to the Calogero coupling constant, while K^ are 
the elementary permutation operators of the Sn exchange algebra. We use 
the standard convention that square brackets denote commutators and curly 
brackets anticommutators. 

To make contact between the SH^^v) algebra and the Calogero modelQ 
one has to use the following "Calogero realization" of SH N (b>): 



with 



-y=(xi + Di), a\ = -=(xi - A) , (6) 



A = /- + vYJ,Xi - Xi)-\\ - Kij) . (7) 

1 3^i 



The real Calogero coordinates Xi and the so-called Dunkl derivatives Di [17 
can be shown, by a direct calculation, to satisfy the commutation relations 
II: 

[x t , Xj] = [D t , Dj] = 0, [Di, Xj] = A^. (8) 

The crucial observation that establishes the relation with the Calogero 
model is that the Calogero Hamiltonian Hc a i is related to the operator 

1 N 
H=- £R , 4} . (9) 



@- 



2 In this paper repeated indices do not imply summation. 

3 For a review of the Calogero model as a classical and quantum integrable model, see 



This operator, like the ordinary harmonic oscillator Hamiltonian, obeys the 
standard relations 



[H,al 



,t 



\H, CLj 



(10) 



The operator H is called the universal Calogero Hamiltonian because it also 



can be used to describe spinning Calogero models |Tj|, [Tj|- The precise re- 
lationship with the original Calogero Hamiltonian Hc a i involves a simple 
similarity transformation followed by a restriction to the subspace of totally 
symmetric wave functions. This construction allows one to construct all eigen 
wave functions of the model as the Fock vectors 



,\\ni 



(a 



t \n N \ 



n) 



w 10). 

For more details, we refer to |4|]. 

Our goal in this section is to investigate whether the SH^{v) algebra 
defined in eqs. (l)-(5) can lead to new realizations of the Virasoro algebra. 
Our starting point is the following Ansatz for the Virasoro generators : 



N 



t=l 



L_„ = E ( «(a!)" +1 a, + (3 ai (al) n+1 + (A - ^(n + l)(aj)" ) , (12) 



where a,/3 and A are arbitrary parameters^. Note that for a vanishing value 
of the parameter v we have that [aj, a A = <5y and the above generators 
correspond to a direct sum of the N standard vector field generators of the 



Virasoro algebra. Remarkably, it turns out that the Ansatz (12) also works 
for non- vanishing values of v. In order to prove this it is convenient to sum 
over all the modes and to rewrite the Ansatz for the Virasoro generators in 
terms of a parameter function £(aj) as 



n i 1 d \ 

H = E ( a Zw)* + P «^(°1) + (A - 2^^ J • 



(13) 



The proof that the Ansatz (|H|) satisfies the Virasoro algebra commutation 
relations requires the following three identities 



N d 

£6L(«J)[a*.&(«i)] -C 1 ** 2 ) = ei(a])^2(o])-(1^2), (14) 



N 



Ek^i(o])]6i 



a]) 



d 



1^2) = — ra(a]) 6(aJ) - (1 ^ 2) , (15) 



i=l 



iV 



E [k^i(°i)]>K->6(a])] 

*J=1 



9o! 



0. 



For N = 1 and a = /3 = 1/2 the parameter A coincides with the A of (2(1 



(16) 



where £1 and £2 are arbitrary Laurent series. The proof of the identities 
(0)) dH) an d fllBT) is given in appendix A. It is based on the following useful 
formula: 

F) N 

K /(« f )] = Trf/M - v EK f - ajy^Ka, /(at)] . (17) 

This formula is a direct consequence of the basic commutation relations (1) 
and can be easily proven by expanding /(at) in a Laurent series in a]. Al- 
ternatively, one can observe that the right-hand-side of (|T7| ) (?) respects the 
Leibniz rule, (u) vanishes when / = const and (m) reduces to the basic 
commutation relation (1) for / = a]. Combined altogether the properties 
(z)-(m) prove that the formula ( |T7| ) is valid for an arbitrary polynomial in 
a] and (a])^ 1 . 

Note that the right-hand-side of fll7D remains regular for regular func- 
tions /(at), i.e. the poles in (aj — a|) cancel due to the commutator with 
.fQ. It is worth mentioning that the formula fll7l) can be used for a simple 
derivation of the Dunkl derivative and its further generalizations given in 



11] as the action of the a^ - type operators in the Fock modules with the 
vacuum states satisfying the conditions a^|0) = 0, Kij\0) = T^- 1 0) where the 
matrices T^ realize some representation t of the symmetric group Sn which 
acts on the vacuum vector (s) |0). The Dunkl derivatives then correspond to 
the trivial representation of Sn, Ty = 1, while the derivatives introduced in 

TTf] correspond to a general representation t. 

We now proceed with the proof that the Ansatz (Jl3|) satisfies the Virasoro 



algebra commutation relations. For simplicity, we first consider the special 
case with A = 1/2. Using the standard Leibniz rule we find that 



TV 



[ L tn L b\ = J2 (" 2 ^i(aJ)[ a i 5 6(a])] a i~/ 32a iN'^( a ])]^2(aj! 

+a / 9[6(oJ)o i , 0^2(0])]) - (1 <- 2) . (18) 

The third term at the right-hand-side can be rewritten as 
N ( 1 1 



TV 
*J=1 



[ai,^i(aS)],[aj,^ 2 (aJ)] 



"(1^2). (19) 



The last term in this expression vanishes due to the identity (|l6l) while the 
first two terms are identical to the contribution from the a 2 and /3 2 terms. 
Application of the identities ([14]) , (plf) to the remaining terms gives the result 



N 

[L €l , %] = (a + /3) 53 (a6, 2 (aj)a 4 + /3a^i, 2 (4)) (20) 



i=l 



with the parameter £ 1)2 (aj) given by 

6, 2 (4) = 6(4) A&(4) - 6(4)^6(4) • (21) 

We conclude that the Ansatz (|T2] ) leads to the Virasoro algebra provided 
that 

a + (3 = 1. (22) 

This result can easily be extended to other values of A with A ^ 1/2 by the 
use of only the identities ( |T4| ) and QI3|). 

Thus it is shown that there exists a two-parametric class^| of realizations 
of the Virasoro algebra constructed from the Calogero oscillators which are 
the generating elements of SHw(u). We now make some comments to the 
above result: 



(1) The proof that the generators (|l"3"D form the Virasoro algebra is based 
entirely on the commutation relations (l)-(5) and is independent of any par- 
ticular realization of this algebra. By their construction the generators are 
invariant under the action of the symmetric group 

K tj Lz = L ( K tj . (23) 

Among other things this means that the Virasoro algebra closes and the above 
SAr-invariance property remains valid if the parameters a and A are not just 
pure numbers but depend on any combination of group algebra elements of 
Sn which are Sn invariant themselves, i.e. 

a = a(T n ) ; A = A(T„) , (24) 

J-n — 2-*/ *^i\ii*^iliz ■ ■ ■ H-inil ' \^) 

In the discussion below we will only need the case that a is constant and A 
is at most linear in K^: 

ot = a , A = A + Ai Yl K ij > ( 26 ) 



5 Particular examples of this class has been known to other authors: S. Isakov and 
J. Leinaas have studied the case with a = j3 = 1/2, while the fact that the Virasoro 
algebra closes for the cases with a = or (3 = was pointed out to us by A. Polychronakos 
(private communications). 



where «o, Ao and Ai are some constants. This freedom allows us to define the 
L generator of the Virasoro algebra in such a way that it satisfies the prop- 
erties of a Z-grading operator for the whole enveloping algebra of SH^{v), 
i.e. it satisfies the same identities as the universal Calogero Hamiltonian (see 
(10)). 

The generators {Li,L ,L_i} which are given by 



N 
Ll = ^CLi, 

1=1 

N , \ 1 

L = 53faa}at + (l-a)aioJJ + (A--)JV, (27) 

N , \ 1 N 

L -i = E (a(ot) 2 ai + (l-Q!)oi(a}) 2 +2(A--)^o|, 

form a sZ(2) subalgebra of the Virasoro algebra. L% coincides with the anni- 
hilation operator of the center of mass degree of freedom while L is nothing 
else than the universal Calogero Hamiltonian (H) modulo terms which be- 
come a constant when acting on the subspace of symmetric wavef unctions, 
i.e.: 

L -H=(X-a)N- u(a - ~) J^Ky ■ ( 28 ) 

One can fix the free parameteres a and A to be 

a = a A = A + uN~\a - ~) £ K tj , (29) 

so that L — H becomes a pure constant 

L -H = (\ -a )N. (30) 

We denote the si (2) subalgebra spanned by {L_i,L ,Li} as the "hori- 
zontal" sl(2) algebra to distinguish it from the "vertical" sl(2) algebra of [[H|] 
which also acts on the states of the Calogero model and is spanned by the 
generators 

1 JV -I JV 

B 2 + = ^E(aI) a . B °2 = H > B 2 " = i £(««) 2 ■ ( 31 ) 

Remarkably, the (shifted by a constant) Calogero Hamiltonian serves as the 
Cartan subalgebra generator of both sl(2) algebras. We have not been able 
to extend the vertical sl(2) algebra to a Virasoro algebra. 



The excited states of the Calogero model can be classified both with 
respect to "vertical" and "horizontal" si (2) algebras. Our results imply that 
for the latter case these representations extend to appropriate representations 
of the whole reductive part of the Virasoro algebra spanned by the L n with 
n < 1. It is worth mentioning that both the "vertical" sl(2) algebra and 
the "horizontal" Virasoro algebra are generated by symmetric combinations 
of the Calogero creation and annihilation operators ai and a] (cf. (|23|)) so 
that the Virasoro algebra under consideration does indeed leave invariant the 
subspace of totally symmetric wavefunctions of the Calogero model. 

(2) So far we have used the Calogero realization where the creation and 
annihilation operators are expressed in terms of the real coordinates Xi un- 
derlying the Calogero model. However, one can use other representations 
of the same algebra equally well. For example, the Virasoro commutation 



relations remain valid for all other representations found in |11|| . A particular 
useful realization is that which for v = reduces to the standard holomor- 
phic representation and thus can be expected to be relevant to conformal 
field theory. To be specific, consider the "holomorphic realization" of the 
SH N (v) algebra given by: 

a { = D\ , a\ = Zi , (32) 

where the z% are N complex coordinates and D z i is the complex Dunkl deriva- 
tive: 

D z i = A + i/XX* - Zj)-\\ - Kij) . (33) 

In the holomorphic representation the Virasoro generators take the fol- 
lowing form: 

N ( 1 d \ 

h = E \<*t{zi)D"i + (1 - a)D"£(zi) + (A - ^)^{zi)\ ■ (34) 

Inserting (^) into fl3~3|), one can write L^ as follows: 

h= E [<*{*)%* + (1 - a)df z i{z % ) + (A - J^ZM ) 

+z/(l - 2a) E ZW—^—Ky , (35) 

where the Knizhnik-Zamolodchikov-type derivatives df z are defined by 

df z = A + vY& - Zj)' 1 ■ (36) 

OZi j+i 



We observe that for a = 1/2 all K-dependent terms vanish. Since the 
Knizhnik-Zamolodchikov derivatives satisfy the ordinary Heisenberg algebra 
[df z , Zj] = Sij one is left, for a = 1/2, with the standard realization of 
the Virasoro algebra^. It is worth mentioning that the fact that the in- 
dependence trivializes for a = 1/2 in the holomorphic representation for 
the Calogero Hamiltonian was already observed in when discussing the 
interplay between the Calogero model and anyons. 

(3) There exists the following important difference between the horizontal 
si (2) algebra ( B7[ ) and the vertical sl(2) algebra (^TJ) with respect to the 
dependence of the generators on the center of mass and relative coordinates. 
In the vertical sl(2) the center of mass degrees of freedom decouple from the 
relative motion degrees of freedom for arbitrary N in view of the following 
relation 



N i / N N N \ 

Y / {X l ,Y l } = -[Y / {X l -X 3 ,Y l -Y 3 } + {Y / X l ,Y,Yi}) ■ (37) 

t=l iV \i<j t=l 3=1 J 

On the contrary, it turns out that for the horizontal sl(2) algebra in the 
holomorphic representation we have a nontrivial mixture of the centre of 
mass degrees of freedom and the relative motion ones. 

The center of mass coordinate y and the relative coordinates z\ are defined 
by 



1 N 
y = jjE* 


, Zi Zi y , 




d_ "_d_ 

dy f^i dz t ' 


d did 

d^ dzi N dy 




tx z t = Ett d/d~ Zl = 


and that d/dziZj = 


-- s i:j 



(38) 
(39) 



Note that £i=i z { = Eti d/dzi = and that d/dz^j = S ti - 1/N. The 
expressions for the generators of the horizontal sl(2) algebra in terms of y 
and Zi, when the arbitrary parameters are fixed according to (p9|) , are given 



6 One could try to use this observation to give an alternative proof of the existence of 
the Virasoro algebra with a = | for other realizations of the SHn(v) algebra. Indeed, if 
there exists an operator U intertwining the holomorphic and some other representation of 
the SHn{v) algebra (e.g. the Calogero representation we used above) then the proof will 
become trivial for this other representation as well. Unfortunately, we do not know whether 
there exists such an operator intertwining between the holomorphic and the Calogero 
representation. Note that, since Lq is the universal Calogero Hamiltonian the knowledge 
of such an operator U would imply in particular an explicit solution of the Calogero model 
via reduction to an ordinary harmonic oscillator problem. 



by 



U 



d_ 

dy 



L o = Vjr + E «i o=" + iV ( A + - - a + -i/(N - 1) ) , 



<9y fr{ dzi \ 2 2 

d N d 1 N d N d 

+ 1/(1 - 2a) E ^ + 2iVy (a + i - a + ~v{N - 1)) . (40) 

We observe that the relative coordinate operators Z{, d/dii all occur in 
the z scale-invariant combination Zid/dzi except for three terms in L_i. One 
of these three terms leads to a nontrivial mixing of the center of mass degrees 
of freedom and the relative ones in the Calogero model. To get rid of this 
term, one can consider the limiting procedure where y — > y and z% — > 5zi with 
<5 — > which does not affect the commutation relations of the si (2) algebra 
as can be checked easily by using fl40|). We observe that after this limiting 
procedure the relative coordinate-dependent operators always occur in the 
combination 

N d 11 

\ = Y.~^.+N{\ Q + --a + -v{N-l)). (41) 

2 = 1 l 

For this particular degenerate realization the relative coordinate operators 
thus behave as inner coordinates which only effect the conformal weight. 

The above limiting procedure can be applied to the whole Virasoro alge- 
bra as well. One may verify that after taking the limit 5 — > the generators 
following from (|35| ) all take the standard form 

L_ n = y n+1 ^- + X(n + l)y\ (42) 

dy 

with the conformal weight A given by (|4"T|). 

Finally, we note that the center of mass coordinate y plays an important 
role in defining, in a consistent way, the Virasoro generators L n (n > 0) which 
involve negative powers of z t . Specifically, to define inverse powers of Zi one 
first uses the decomposition z^ = y + Zi and then expands all expressions 
in powers of the relative coordinates z iy e.g. z~ l = y~ l Y^=o{~ ) n (— ) n . In 
particular, it is convenient to use this approach in deriving the limiting form 
(fi2]) . The same approach is used in the analysis of the W^-type generaliza- 
tions which are discussed in section 4. 



10 



3 Super Extension 



It is natural to extend the results obtained in the previous section to the 
super symmetric case, thereby extending the Virasoro algebra to a super- 
Virasoro algebra. Supersymmetric extensions of the Calogero model were 
recently discussed in |22| , [7J. In the following we will frequently make use of 
the results of 0. 

Our starting point is the supersymmetric extension of the SHn(u) algebra 
which is given by the direct product of SH^iy) with the Clifford algebra C2N 
with generating elements 9\ and 0\: 

{Mj} = V (43) 

The operator K^ is assumed to commute with 9i and 9\. Note that the 
fermionic permutation operators Kf, can be realized as[] : 

K e ij = l-{9 i -9 j ){9\-9^. (44) 

These operators commute with a,, a\ and have the following standard per- 
mutation relations with 9i,9\: 

0Pk! j= K^\ (K^ = l. (45) 

In addition, the operators Kfj satisfy the properties (2)-(4). One can also 
define the total permutation operators 

K}f = K l3 K% , (46) 

which exchange both bosonic and fermionic coordinates simultaneously. 



In f22| , |7j the explicitly supersymmetric form of the super-Calogero Hamil- 
tonian H s was given. In particular, the construction of |7J was based upon 
an osp(l,2) supersymmetric extension of the vertical sl(2) algebra?] 



H s = {Q,Q j }, 

1 N 1 N 1 

= jEKalJ + TE^fill + fE^. ( 47 ) 

i=l i=l i^j 

where 



7 We observe that for N = 2 the operator Kf 2 equals the Klein operator K which occurs 
in the discussion of the super-VFoolA) algebra pQ|. Indeed, we can write K = 1 — 269^ 
with 0(t) = -W#i — 62 )• The Klein operator K satisfies K 2 — 1 and anticommutes 
with6»(t). 

8 We have reintroduced the frequency parameter ujp of M and taken it to be equal to 



u F = -\ 



11 



N N 



Q = Y J 0\a i} Qt = £0. a t. (48 ) 

4=1 1=1 

The generators Q, Q^ can be interpreted as odd generators of the osp(l,2) 



superextension of the vertical si (2) algebra. Note that the last term in (| 
when acting on the subspace of totally symmetric wavefunctions, reduces to 
a constant. One may verify that the hamiltonian 



N 1 N 



I iV 1 iV 

ff=o£K«!} + 7X;MJ] (49) 

z t=i 

satisfies the commutation relations: 



z t=i ^ *=i 



[if, oj] = a\ , [H, Oj] = -o< , (50) 

[H,9j] = - l -9l [HA\ = \Bi. (51) 

In order to describe our Ansatz for the super- Virasoro generators, it is 
convenient to introduce the "super-Dunkl derivative" ZV In it was shown 
that there exists a one-parametric class of superderivatives which all fulfill 
the basic relations 

{V u Vj} = 25 i3 D e t) (52) 

{V h e 3 } = 8n, (53) 

where Df is some supersymmetric extension of the ordinary (bosonic) Dunkl 
derivative. All these derivatives were shown in to be related to each other 
by a similarity transform. Remarkably, it turns out that only one particular 
member of this class leads to the desired superextension of the Virasoro 
algebra^. This particular member is exactly the one which is covariant with 
respect to the global supersymmetry rules 

8z i = e i e, 861 = 6. (54) 

To be precise, for the realization of the super- Virasoro algebra, we need 
the following special derivative^: 

V l= VU^-^-Kf). (55) 



9 Note that the similarity transform of Jjj does not leave invariant the Ansatz we use 
below. 

10 This derivative equals the super-Dunkl derivative a T>i of M with a = v. 
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where 

»°=M, +e <k (56) 

is the ordinary supercovariant derivative and where we have introduced the 
super symmetric line elements 

Zij — zi — Zj — 9i9j , 9ij = 9i — 9j . (57) 

The supercovariant derivatives of these line-elements are given by 

V^zij = V]z i3 = 9 %j , V% = -P°% = 1 . (58) 

A noteworthy property of the super-Dunkl derivative Pj is that because of 
the factor of 9i — 9j in front of Kff one can equally well use both K^ and 
K\^ in its definition. The expression for the bosonic derivative D\ follows 
from the anticommutator of two super-Dunkl derivatives and is given by: 






Zil Zn \ j^ij^l Zl i 



(59) 



One easily finds that 



[Pi, Zj] = Sij (9i + u Y, e ikK ik ) - v9 ij K ij . (60) 

This formula is a special case of a more general formula which gives the com- 
mutator of Pj with an arbitrary function f(z, 9) of a single superargument 
(z,9). Using the convention f\ = f(zi,$i) and the abbreviation 

va= e -!r> ( 61 ) 



z %3 



the general formula is given by 

[P, U\ = V°(f) t + i/£(/< - /,-) Vij Klf , (62) 

[V l J J ] = -u(f l -f J )y lJ K^, i^j (63) 

i i 

For the convenience of the reader we give below some useful identities 
that are obeyed by the quantities y„: 
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Vij = Vji , VijVki = -VkWij , 

VuVij + VjiVij + VijVu = o , (65) 

We now proceed with our Ansatz for the (super) generators of the (N = 2) 
super Virasoro algebra which is given by 

Lt = Y,(P&Vi - \v%i){D t + \\i[) , (66) 

i 

q £ = $>ah-a££>°(^ ( 67 ) 



where £(z, 9) and e(z, 8) are arbitrary commuting parameters and f'(z, 6) = 
One can check that the following (anti-) commutation relations are true 

{Q ei ,Q t2 } = L^ 2 , (68) 

[Lz,Q e ] = Q- £ , (69) 

where 

£1,2 = 2e ie2 (70) 

and 

e = tf-let' + ±VP®0>{e). (71) 

The proof of the anti-commutation relation (^) is relatively simple. To 
illustrate how it works we consider the case with A = 0. A straightforward 
calculation gives 

QeQe = E *&&&$ = Yki^pi^i + ei[Vi, ejlVj) . (72) 

Taking into account the fact that the parameter e is commuting, the ba- 
sic anti-commutation relation fl5*2"| ) of the super-Dunkl derivatives and the 
formulae (0), (^) one obtains after some simple algebra 

Q t Q e = £(e^ 2 + e t V°(e t )V t ) + v £ e^Kf^ - V 3 ) . (73) 

i i^j 

Analogously one finds 

£ VtgDi = $>?*>? + ^(^W + v^wKFiVi - Vj) . (74) 

i i v£j 
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Combining (|73|) with (|74|) proves the relation (^8|) for A = 0. It is simple to 
generalize this relation to non- vanishing values of A. 

The proof of the [L%, Q e ] commutator is much more involved and is de- 
scribed in appendix B. Let us note that as in the bosonic case the fact that 
the generators Q and L form a closed super Virasoro algebra is representa- 
tion independent, i.e. it follows only from the basic commutation relations 
(0),(53) and (§(]). Note that from the relations (§8]) and © it follows that 
the L generators satisfy the commutation relations of the Virasoro algebra. 

Like in the bosonic case L can be identified with a Z-grading operator 
by adjusting the A parameter as follows: 

A = A + WV- 1 ]T(^ t -l). ( 75 ) 

The generators L±, L and L_ x of the s/2 subalgebra of Virasoro which cor- 
respond respectively to the parameters £ = 1, z, and z 2 in ( p6| ) then take the 
form 

N Q 

1. L 1. L 



d _ „ d , N 
■ + A 



L-i = E^ + E^% + ^E^-^E^? 



__ N 

+ "N-^Ktf E^ + ^ 2 E tvalQtViuKfi ■ (78) 

The z/ 2 contribution to Lq from the last term in the representation (fJID for 
the Virasoro generators vanishes due to the following identity 

ziUiWij + ZjUjiUij + ZiZ/iji/ii = . (79) 

The fermionic coordinates in Lq only appear as a shift of the conformal 
parameter Ao which involves the fermionic number operator J2i^i^-- This is 
not the case for the L\ generator which involves non-trivial mixings between 
the relative and fermionic coordinates. 

An interesting distinction between the bosonic and fermionic case is that 
the supergenerators involve only one independent free parameter, the con- 
formal weight A. Due to the identity ( |64t ) a term of the form Y^i'DiU can be 
rewritten in terms of YU e i^i modulo a shift in the parameter A. Therefore, 
in the supersymmetric case, there is no room for a second free parameter, 
like the parameter a in the bosonic case. 
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When restricted to the subspace of ^-independent functions, the above 
generators of the sl 2 subalgebra of the super- Virasoro algebra coincide with 
the bosonic generators (p7|) for a = 1 ( and with the conformal weight pa- 
rameters identified as A(bosonic) - 1/2 = 1/2 A(fermionic) ) except for the 
z/ 2 -dependent term in L_i. This term contains an explicit ^-dependence. 
Therefore, for v ^ 0, one cannot truncate the s/ 2 subalgebra of the super- 
Virasoro algebra to the sector of operators acting on ^-independent functions. 

The super- Virasoro algebra under consideration is formulated here in 
terms of N — 1 superfield parameters analogous to the one-particle for- 
mulation given in [Q. The algebra however is N = 2 supersymmetric as 
can easily be seen from the component analysis: the superfield generators L^ 
and Q e involve one spin 2 current, two spin 3/2 currents (one from L^, and 
another one from Q e ), and one spin 1 current (the 9 - component in Q e ). In 
particular, the u(l) component of the spin 1 current has the form 

Along with the corresponding supergenerators the above spin 2 and spin 
1 generators form the "horizontal" osp(2\2) subalgebra of the full super Vi- 
rasoro algebra. This algebra should be distinguished from the "vertical" 
osp(2\2) algebra which was considered in @. 



4 Conclusions 

In this paper we have shown that based on the Calogero model inspired al- 
gebras SHn(u) and their superextensions one can construct new realizations 
of the (super-) Virasoro algebra analogous to the standard realization by 
(super) vector fields based on the ordinary Heisenberg algebras (or, equiv- 
alently, the algebra of differential operators). The algebra SHn^u) can be 
regarded as the associative algebra with generating elements a], clj and K^. 
One can consider the same algebra but now with the (super-) commutator 
as the product law. This leads to infinite-dimensional Lie (super) algebras 
which we denote by W / jv j00 (z/) in analogy with the construction of ordinary 
Wcxrtype algebras via commutators of elements of the enveloping algebra of 



the Heisenberg algebra |L2|, |23], p4| . Due to the results of this paper these 
algebras contain the Virasoro subalgebra and therefore can be regarded as an 
extended conformal algebra thereby justifying the name VFoo-type algebra. 
Note that the W\ +00 algebra can be identified with the algebra W\ )OQ {y) (the 
parameter v drops out for N = 1). 

The Wn,oo{v) (N > 2) algebras are rather large algebras involving an 
infinite number of higher spin generators of each spin. An interesting question 
is whether there exists truncations of the Wat i00 (z/) algebra that still contain 
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the Virasoro algebra. There indeed exists such a truncated algebra. This 
subalgebra is spanned by the symmetric elements w that commute with the 
permutation operators, i.e. 

[K ll ,w}=0. (81) 

We denote this subalgebra of WN tO0 (u) by WN tOC (u). Since the Virasoro gen- 
erators themselves obey the symmetry conditions fl23|) , Wn :O0 {p) contains the 
Virasoro algebra as a subalgebra. The algebra Wn :00 (u) contains infinitely 
many higher-spin currents of each spin. 

A natural question to ask is whether Wi +QO is a proper subalgebra of 
Wn }00 (u). The answer to this question seems to be negative. So far our 
attempts to embed Wi +QO into Wn i0O (v) as a proper subalgebra were not 
successful. 

The above results can be naturally extended to the supersymmetric case. 
One can define the superalgebras SWn, oo(^) and SWn,oc(v) based on the 
superextensions considered in section 3. The superalgebra SWjv j00 (z/) is 
spanned by the symmetric elements obeying the conditions 

[Kf , w] = . (82) 

We believe that the generalized Woo-type algebras introduced above may 
have interesting applications in the context of conformal field theory, inte- 
grable systems and the quantum Hall effect. We hope to discuss some of 
these applications in a future publication. 
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Appendix A: Proof of the identities (|T4|), (jlt5l) 

and (rttj|) 



To prove the identities (fUD, (p~5|) and (|16| ) we need a particular case of (|T 
when /(at) is a function of one argument a\ for some fixed i, i.e. /(a^) 
4>(al). For this particular case one easily derives from flT7| ) 



/v 



[at, <p{a))} = 5ij(j)\a\) + udij J2( a l ~ a \) 1 ( ( t>(4) ~ <f>(ah)K« 
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- uial-a])- 1 ^)-^]))^, (83) 

where (f>'(x) = -^(j)(x). Note that the commutation relations (1) are them- 
selves a particular case of (|83"D for <p(x) = x. 

The proof of (|1^) and (|T5| ) is straightforward by observing that the two 
^-dependent terms coming from the right-hand-side of (|33|) cancel against 
each other after the substitution of ( |8"3"D into (|HD, ([T5|) . The ^-independent 
part of the resulting expression gives the right-hand-side of (|14D , (|15|) . 

To prove the identity (|H]) it is convenient to decompose the left- hand- side 

of pD, 

N r -, 

X= E k>6(al)],[%,e 2 (a])] (84) 

into three parts X^X^) and X^ 2 \ which are, respectively, independent of 
z/, linear in v and quadratic in v. Due to (^) we obviously have X^ = 0. 
Using the shorthand notation £ u = £i(af) and £ 2i = ^2( a l) we can write 



AT 

^ (1) = ^EWu^(<4-4r 1 (^-^i)K il ]-(l-2) 

= vJ2(ZW-eu)(4-4r l (& i -{2i)K il -(l~2), (85) 

which also vanishes because the summand is antisymmetric under the inter- 
change i <-» I. 

Finally, for X^ one gets from (|83|) 



X {2) = v 2 £[(aj - a})-\tu ~ Zu)K u , (a\ - oj,)" 1 ^ - &n)K in ] . (86) 

i,l,n 

The contribution to the summation of the terms with I = n vanish so that 
one is left with 



X (2) =S E ((«! - 4Y\iu - iu){a\ - a\Y\i 2l - i 2 n)K a K m 

-(oj - 4 )- 1 fe - e 2 n)(4 - alr^m - &)#*«#«) • (87) 

After replacing / <-► n in the second term we can write X^ as 

* (2) = ^ 2 E (at-^Cal-^-^-at)- 1 

{(oj - afoiZufa + £u&n - &&») - l <-► 2}i^„ . (88) 
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Finally, using the cyclic property (2) of the elementary permutation gener- 
ators one easily verifies by permuting the summation indices i,j,l that the 
(oj — at) coefficient in the second line can be replaced by 1/3 [(aj — ajj + 
(a] — a]) + (ajj — a])] which is identically zero. This concludes the proof of 
the identity (|lj). 

In addition to the identities proven above there also exist the following 
useful identities which can be proven analogously 



A' 



E {k> (6(o})],6(aJ)} = 26(aJ)^i(aJ) , (89) 

N 

E [KU<4)IKU4)]\ =o. (90) 

Appendix B: The sketch of calculation of [Lf, Q e ] 

Below we outline the main steps of our calculation of the [L^, Q e ] commutator 
for the case with A = 0. 

It is convenient to work with the following form for the Ansatz of the L^- 
generator which can easily be obtained from fl66[) with the aid of the formula 



h = E & D i'° + \^P%) V i + ^ 2 E 6v«k?W0? , (91) 

with 

^ = f+"Er(i-«?)- ( 92 ) 

As a first stage we find for the commutator: 



+ \{V%)[V u e 3 ]V ] + l -e {V%){V u V 3 } - ~e,{^, {V%)}U t 

i.^j^k i L 



(93) 



We first consider the terms in the lowest order in v which are of the form 
ZffV^egVi, (V%)(V^ei)Vi and e l (V^ i )D e l '°. The first three type of terms 
gives us the required supersymmetry transformation with the parameter (|7T|) . 
The last type of term cancels^]. We next consider the remaining terms linear 

11 In doing the calculation there is no need to write out the derivatives T>i and D i ' 
in terms of a ^-independent part and terms linear in v. Therefore, strictly speaking, our 
calculation also takes care of a class of ^-dependent terms in the commutator. 

19 



in v. They only come from the first and second line in (0). We observe that 
all ^-dependent terms in the second line of ( |93|) are proportional to (£\°£j), 
whereas all terms in the first line are proportional to £j. This implies that the 
remaining //-dependent terms occurring in the first and second line should 
cancel independently. The second line in (^) gives rise to terms of the forrriQ 

A(Z&0**S*Z><- (94) 

7.- • 

These terms can be shown to cancel amongst each other without the need 
to write out the extra z/ 2 -dependent terms occurring inside T>i explicitly. 
Therefore, this cancellation also involves a class of terms quadratic in v. 



We next consider the terms linear in v coming from the first line in ( 93Q . 
The following three types of terms linear in v occur: 

^y^.(l-l^), Afc^A v^KfVt (95) 

All three type of terms can be shown to cancel amongst each other. 

We now consider the terms quadratic in v. In the second line of (|93D only 
the anticommutator in the second term leads to a z/ 2 -dependent term which 
has not yet been considered. This term cancels against a similar (X>°£j)- 
dependent term coming from the commutator in the third line of (p3|). This 
finishes the discussion of the second line in (f5If): all terms have either been 
cancelled or contribute to the supersymmetry parameter e given in ([H]). All 
remaining ^-dependent terms come from the first and second line in (|93|). 
The following two type of terms occur: 

ft 

,,2 U ij £- 7>-tot ,,2 °ij c^ 7>-tot 7>-tot (r\a\ 

The terms linear in Kff only come from the first line in ( PB| ) and it can 
be shown that they cancel amongst each other. We next consider the terms 
quadratic in K^. Once we have moved the permutation operators to the 
right we may distinguish between two type of terms which should cancel 
independently of each other. The first type of terms are proportional to ^e,, 
i.e. £ and e have the same index; the second type of terms are proportional 
to £i€j with i ^ j. Both type of terms can be further subdivided into either 
terms with a summation over three different indices i ^ j ^ k or terms with a 
summation over two different indices % ^ j. A straightforward but somewhat 
tedious calculation shows that all type of terms cancel amongst each other. 
We finally consider the terms trilinear in v. They only come from the 
commutator in the third line of (|93D and are given by 

12 We only give the general structure of the terms. We use a notation where the specific 
name of the indices is irrelevant. 
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v 3 



£ £ e^^UiCM^foi*^'" 



(97) 



We first consider the case that either / or m is equal to i,j or k but not 
both. The terms in the commutator corresponding to this case can always 
be written into the following three type of terms0: 

yZ H ( e & ViiVikVa x K 3 , aZj yijVjkVji x K 3 , aHj y^y^yu x K 3 J . 

(98) 
To do this one must make use of the y-identities given in (|65|) A tedious 
calculation shows that all three type of terms cancel. Finally, we consider 
the case that both I and m are equal to i,j or k. It can be easily shown that 
this case always leads to terms which identically vanish. 

It is straightforward to extend the calculation of the [L^, Q £ ] commutator 
to non-zero values of A. 
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